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Abstract This paper is concerned with the study of solution stability of a parametric
vector variational inequality, where mappings may not be strongly monotone. Under some
requirements that the operator of a unperturbed problem is monotone or it satisfies degree
conditions then we show that the solution map of a parametric vector variational inequality
is lower semicontinuous.
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1 Introduction

Vector variational inequality (VVI, for short) was introduced by Giannessi [6] in 1980. Later
on, VVI and its many extensions was studied by Chen [2,3], Kien [11], Lee [13] and Yang
[16] (see also the references given therein). The main topic of these papers is to establish
existence theorems.

Nowadays, VVIs appear in many important problems from theory to applications such as
vector optimization theory, economics and transportation. In such applications it is important
to understand behaviors of a solution of a vector variational inequality when the problem’s
data vary. In other words we wish to know properties of solutions of the so-called parametric
vector variational inequalities when parameters vary. One of our interests is to investigate
the continuity of the solution map of such a problem.

Let us assume that R” and R™ are Euclidian spaces with the scalar product (, ) and the
Euclidean norm || - ||. We shall use the notation

R ={x = (x1,x2,...,%n) : x; = 0forall i}.
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Let L(R", R™) be the set of continuous mappings from R" into R™. Suppose M, A
are metric spaces, K : A — 2" is a set-valued mapping with closed convex values and
fi:MxR"— R"(i =1,2,...,m) are continuous maps. Let f : M x R* — L(R", R™)
be a mapping which is defined by

S, ) () = ((frQu, x),u), (fal, x),u), s (fm (e, x), u)).

Let C be a closed convex cone in R™ such that IntC # @, where IntC denotes the interior
of C.

The parametric vector variational inequality involving the set K (1), the mapping f(u, -)
and the cone C is the problem of finding x = x(u, 1) € K()) satisfying the condition

f(u,x)(y —x) ¢ —IntC forall ye K(A). (1)

We shall denote problem Eq. (1) briefly by VVI(f(u, -), K(})) and S(u, A) stands for
its solution set corresponding to parameter (x, ). Thus § : M x A — 2R is a set-valued
map which is called the solution map of Eq. (1). Given a parameter (110, o) € M x A, we
assume that S(uo, Ag) # @, that is, there is a point xg € S(uo, o) such that

F (1o, x0)(y — x0) ¢ —IntC  forall y € K(rp). @)

Our main concern is to investigate the behaviour of S(u, A) when (u, A) vary around
(105 A0)-

Recently Lee et al. [14] have shown that if f is strongly monotone and the set-valued map
K has the Aubin property at every point (1g, xp), where xo € S(uo, Ao), then the solution
map S(u, 1) is Holder-Lipschitz continuous with respect to (i, A) (see [14, Theorem 5.1]).
To obtain this result the authors had to use the Banach contractive theorem and the results
given by [17].

The situation will become complicated when the hypothesis on the strong monotonicity is
dropped. In this case, it seems difficulty to use the techniques in the proof of Theorem 5.1 in
[14], because the strong monotonicity of f played an essential role in establishing the proof.

The aim of this paper is to establish some results on the solution stability of the parametric
vector variational inequality Eq. (1) without strong monotonicity of f. In order to obtain
the result we have to derive a new scheme for the proof by using some facts on the degree
theory and a result on a relation between the Aubin property and the Holder property of mul-
tifunctions K. Using this scheme, we show that if the mapping f (uo, -) of the unpurturbed
problem is strictly monotone or it satisfies some requirement related to degree theory, then
the solution map is lower semicontinous.

The rest of the paper consists of two sections. Section 1 is devoted to a result on the
lower semicontinuity of the solution set under hypotheses relating to strict monotonicity of
mappings of the unperturbed problem. In Sect. 2 we give sufficient conditions for the lower
semicontinuity of the solution map with requirements on the degree of mappings.

2 A monotone-operator approach

In this section we first establish some auxiliary results on a relation between the solution set
of a vector variational inequality and the solution set of a scalar variational inequality.

Let us assume that €2 is a closed convex subset in R” and C be a closed convex cone in
R™ with IntC # (. We shall denote by L(R", R™) the set of all continuous mapping from
R"™ into R™ and C* the polar cone of C, that is
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C*={z"eR":(z*,2) >0 forall zeC}.
Putting Ct = C* \ {0} we obtain from the bipolar theorem (see, e.g., [8]) that
z€—IntC < (z",z) <0 forall z*eC}. 3)

Suppose h; : 2 — R"(i = 1,2...,m) are continuous mappings and 7 : Q@ —
L(R", R™) is defined by

h(x)(u) = ((h1(x), u), (ha(x), u), ..., (hu(x), u)).
Consider the following VVI(k, ©2):
Find xg € 2 such that h(xp)(x — x9) ¢ —IntC forall x € Q. “4)
In other form, Eq. (4) is equivalent to the problem
Find xo € Q2 such that {h(xg)(x — xg) : x € 2} N (=IntC) = @. (5)
For each & € C* \ {0} we consider the following variational inequality VI(§/, 2):
m
Find xo € € such that ) & (hi(xo). x — xo) = 0 forall x € Q. (6)
i=1
This problem can be formulated by the term of generalized equations
m
Find xo € € such that 0 € " &h; (x0) + Na(xo), )
i=1
where Ngq(xp) is the normal cone of the set €2 at xg which defined by

x*eR": (x*,y—x)<0VyeQ} ifxeQ

Na(x) = #, otherwise.

Let us denote by S(VVI) and S(VI)¢ the solution sets of Egs. (4) and (6), respectively.
The following lemma gives a relation between the solution sets of Eqs. (4) and (6).

Lemma 2.1 (C. f. [13, Theorem 2.1]) Suppose h; are continuous fori = 1,2, ..., m. The
following assertions hold:

(a)

U sovDe =svv. ®)
teCy

(b) S(VV]) is a closed set.

Proof (a) Suppose xp is a point of gect S(VI)g. Then there exists § € C such that x¢
is a solution of VI(&h, 2), that is Eq. (6) holds. By Eq. (3), it follows that Eq. (4) is
satisfied. As x is arbitrary, we have e S(VDg € S(VVI). Conversely, take any
xo € S(VVI). By Eq. (5) we have

{h(xg)(x — x0) : x € Q}N (—IntC) = ¢.

By the separation theorem (see [7, Theorem 1, p. 163]) there exists a functional & €
R™ \ {0} such that

(&, h(xo)(x — x0)) = (§, u)
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forall x € Q and u € —IntC. Put x = xo we have (&, u) < O for all u € —IntC. This
implies that (£, u) > 0 for all u € C. Consequently, & € Cj_. Thus we have shown that
there exists & € CY such that

(&, h(xp)(x —x0)) >0 forall x € Q.

Hence x¢ € UseCi S(VDg. It follows that Useci S(VDg 2 S(VVD) and Eq. (8) is
obtained.
(b) Since A := R" \ (—IntC) is a closed set, the set

Dx):={yeQ: f(Mkx—y) €A}
is closed. It is clear that S(VVI) = Nycq D(x). Hence S(VVI) is a closed set. ]

‘We now return to problem Eq. (1). For each & € C j_ we denote by Sg (i, A) the solution
set of the generalized equation

m
0€ > & fii, x) + Ny (x).
i=1
By lemma?2.1, for each (u, 1) € M x A, we have UseCi‘, Se(u, A) = S, 1).
Given a parameter (o, Ag) € M x A, we assume that S(ug, Ao) # @. Taking any
X0 € S(no, Ao), we see that (Ao, xo) € GrphK and Eq. (2) hods. By Lemma?2.1, there exists
a point £ € C’ such that

0€ > & fi(1o. x0) + Nk g (x0)- (€))

i=1

Recall that the set-valued mapping K : A — 2R" has the Aubin property of order o« > 0
at a point (Ag, xp) € grphK if there exist positive constants k, €y and By such that

KMW)N (xog+e€B) € KA) +kd(W,)*B YA, 1 e B(h, Bo). (10)

Here B is the closed unit ball of R” and B(Xo, B) is an open ball with center at 1o and
radius B, in the metric space A. If K (-) satisfies property Eq. (10) for « = 1 then K (-) is
said to be pseudo-Lipschitz continuous at (Ag, xo). Let E be asubsetin R* and g : E — R"
be a mapping. We say that g strictly monotone on E if for any x, xo € E with x| # x;, one
has (g(x1) — g(x2), x1 — x2) > 0.

A multifunction P : X — 2¥ from a topological space X to a topological space Y is said
to be lower semicontinuous at xo € X if for any open set V in Y satisfying P(xg) NV # @,
there exists a neighborhood U of xg such that P(x) NV # A forall x € U.

We are ready to state the first result.

Theorem 2.2 Suppose C is a closed convex conein R, S(uo, Ao) is bounded, X is a neigh-
borhood of S(o, Mo) and My x Ay is a neighborhood of (1o, o). Let fi : My x Xo —
R"(i = 1,2, ..., m) be continuous mappings and K : Ay — 28" e a multifunction which
satisfy conditions:

(i)  fi(o, ) : XoN K(Xo) = R" is strictly monotone foralli = 1,2, ..., m;
(ii) foreachxog € S(uo, o), K has the Aubin property of order o > 0 at the point (Ao, X0).

Then there exist a neighborhood Uy x Vy of (o, Lo) and a bounded open neighborhood
Qo of S(1o, Ao) such that the following assertions hold:
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(a) The solution map S : Uy x Vo — 220 has nonempty values.
(b) The solution map S is lower semicontinuous at (jg, Lo).

Proof Note that since f;(uo, ) is continuous, S(uo, Ag) is closed. Hence S(uq, Ag) is a
compact set. Taking any xo € S(ro, Ao), we see that (Ao, xo) € GrphK and there exists
50 € Ci such that Eq. (9) is fulfilled. By (i7), there exist constants k, €gp and By such that
Eq. (10) holds. For each € > 0 we put

K. = KO) N (xo + €B). (11)

The following lemma plays an important role in the proof of our theorem which is an
extension of Lemma?2.3 in [1].

Lemma 2.3 For any € in (0, €] and any B with 0 < B < min{fy, (f—k)l/“ }, the multifunc-

tion K. defined by Eq. (11), is Holder continuous with constant 5k on the ball xo + BB,
that is

Kc(V) € Ke(A) + 5kd(), M)*B. (12)
forall », )\ € B(rg, B).

Proof We shall use similar arguments as in the proof of [1].
Put ) = A¢ in Eq. (10), we obtain that, for all A € B(Ag, B) there exists a point x; € K (1)
such that

llxx = xoll < kd(ho, 1)* < €/2. 13)

This implies that K. (1) is nonempty for all . € B(1g, 8). Take any A, A € B(Ag, B) and
x" € K¢(\"). We have to show that there exists a point x” € K, () such that

" = X"l < Skd (3, 1) (14)

which proves Eq. (12).
It follows from Eq. (10) that there exists x € K (A) such that

Ix" = xll < kd (', 2)* < Skd(3/, 2)*.

Ifx € xo+ eBthenx € K, (1). By putting x” = x we obtain Eq. (14).
Let us assume that x ¢ xo + € B. This means that

r=|x —xp| > €.

Choose x; € K(A) such that Eq. (13) holds. By the convexity of K (L), the segment
[x, x] C K (). Take a point x” € [x, x;] such that ||x” — x¢| = €, belongs to K (1). Hence
x" € K¢()). Note that such a point x” always exists. Namely, x”" = (1 — r)x + tx;, where
te0,1).

Put p = ||x — x"||,d = r — €. Then we have

e =|x" —xoll = 11 —)(x —x0) + 1 (xx — x0)|| < (1 —)r +t]lxx — xol|-

This implies that

t(r —lx, —xoll) <r —e.

Hence

r —e€

t < .
“r—e/2
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From this relation,

p = Ix" = xll = tlx = 1)l < 1(lx = xoll + s — xo)
<10 +e/2) <0+ e/2>rr__ej2.

It follows that [|x” —x|| = p < 4(r—€) = 4d.Sinced < [|x —x'|[, |x” —x| < 4]lx —x']|.
Finally we have

" =" < lIx” = x| + llx = x|l < 5llx — x| < Skd (3, M)

The lemma is proved. . .
We now Choose positive constants s and § such that xo + sB C (xo + €oB) N Xo,
kd (Ao, A)* < s forall A € B(hg, ) C B(Xo, o). Hence Eq. (10) implies

K(M)N(xo+sB) € K(X) +kd(x, \)*B (15)
forall A, A” € B(Ao, §).
Choose a number g such that 0 < 8 < min{§, (j—k)é }. By Lemma?2.3, we have
KMW)N (xog+sB) € K N (xg+sB)+5kd()\, \)*B (16)

for all A, > € B(Ag, B). Thus for all A, & € B(rg, B), Egs. (15) and (16) are fulfilled.
Putting A" = A¢ in Eq. (15) we see that for each A € B(Ag, B) there exists z; € K ()) such

that ||z — xo|| < kd (A, X9)* < s. Consequently K (1) N B(xg, s) # @ for all A € B(X g, B).
For each (i, 1) € My x B(Ag, B) we consider the generalized equation

0 € g, X) + Ngyni(xp.s)X)

where g(u, x) :== >/L, éiof,-(u, x). We claim that there exists a neighborhood Uy x Vp of
(0, Ap) such that

0¢ (21t ) + Ny ynbxo.s) () @B(x0. 5)) (17)

for all (i, A) € Uy x Vp, where d B(xg, s) is the boundary of B(xo, s). Indeed, suppose the
assertion is false. Then we can find sequences u, — o, Ay — Ao and {x,} C dB(xg, s) N
K (),;) such that

(g(n>Xn)yz2—xp) 20 Vix, € K(Ay) N B(X(),S). (18)

Since 9 B(xp, s) is a compact set, we can assume that x, — X. Sub_stituting A= A,
A = Ap into Eq. (16), we see that, for each n, there exists y, € K(Ag) N B(xp, s) such that

lxn = yull < Skd (A, Xo)*.

Since K (Ao) N B(xg, s) is compact, without loss of generality we may assume that y,, —
yo € K (Lo)NB(xg, s). Fromthe above, we have x, — yo.Hencex = yo € K (Lg)NB(xg, 5).
Putting A" = X9, A = A, in Eq. (16), we see that for each n there exists a point z, €
K (M) N B(xp, s) such that z, — xo. Putting z = z,, in Eq. (18) and letting n — oo we
obtain (g(uo, X), xo — X) > 0. Since f;(uo, -) is strictly monotone and £° € R\ {0}, we
see that g (1, -) is also strictly monotone. It is noted that xo # x. Hence we have

(g(ro, x0), x0 — X) > (g(1o, X), xo — x) > 0.

This contradicts the fact that x¢ satisfies Eq. (9). Thus the claim is proved.
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We now can choose neighborhoods U C My of g and V. C B(Ag, B) of Ao such that
Eq. (17) is valid. For each (i, 1) € U x V we consider the generalized equation

0 € g(u, x)+NK(A)ﬁB(x0 s)(x)~ (19)

Since g(u, -) is continuous and K (1) N B(xo, s) is compact, equation Eq. (19) has a
solution £ = £(u, ) € K(A) N B(xo, 5). By Eq. (17), x € intB(xg, s). Hence

N onBxg.s)®) = Nk oy (1).

Consequently, X is a solution of the equation

0 € g, x) + Ngoyx).

This implies that X € Séo (m, A) N B(xg, s). Hence we also have S(u, A) N B(xg, s) # 0.

So far we have shown that for each xg € S(uo, Ao) there exist a open ball B(xg, s) and
a neighborhood Uy, x Vy, of (1o, o) such that S(u, 1) N B(xp,s) # @ for all (u, 1) €
U,(0 X Vyo- As S(uo, Ao) is a compact set, there exists x1, x2, ..., xx such that S(uo, Ag) €

_1B(xl,s,) Put Q¢ = U _1B(xi,5), Uy = ﬁl Uy, and V() = N3 _1Vx It is clear that
Up, Vo and Qg satisfy assertlon (a) of the theorem. It remains to prove assertion (b). Suppose
W is a open set in Qg such that S(up, Ao) N W £ . Note that W = Q¢ N G, where G is
a open set in R". Take xo € S(io, A0) N W. By (ii) there exist constants k, €p and Sy such
that Eq. (10) is fulfilled. We can choose €( such that B(xo, €0) C W. We now use the same
arguments as in the proof of part (a) to show that there exist a ball B(xg, s) C B(xo, €p),
a nelghborhood UxVcC Up x Vp of (g, Lo) such that S(u, A) N B(xo, §) # ¢ for all
(u, A) € U x V. This implies that S(u, ) N W #£ @ for all (i, A) € UxV. Consequently,
S is lower semicontinuous at (g, Ag). The proof of the theorem is complete. ]

In order to make readers to illustrate the Theorem 2.2, we give the following example.

Example 2.4 Let (o, Ao) = (—1,1), My x Ay C R%bea neighborhood of (uq, Ag) and
Xo = R%. Let f = (f1, fo) and fi1, f> : Mo x Xog — R? be defined by

Filp, x) = (x1, wxa +x3), o, x) = (01 + (1 — wxa, x2), x = (x1, x2)
and K : Ag — R? defined by
KO) ={(x1,x2) :x0 > —1,x1 +x2 = A}.

Then all conditions of Theorem?2.2 are satisfied and uy = (0, 1) is a solution of
VVI(f (o, -), K (20));

In fact, we have fi(uo, x) = (x1, —x2 + xz) and
K(ho) = {(x1,x2) 1 x2 = 1, x1 +x2 = 1}

For any u = (u1, uz), v = (v1, v2) € K(X9), we see that up + vy > 2. Hence

(fi(o, ) — fi(po, v), u —v) = (u1 — v1)* + (U2 — v2)* (w2 + uz — 1) > 0

whenever u # v. This implies that f] (o, -) is strictly monotone. When o = —1 we have
f2(mo, x) = (x1, x2) which is also strictly monotone. Hence condition (i) of Theorem?2.2 is
fulfilled.

Itis clear that fi (-, -) and f>(-, -) are continuous. On the other hand, foreach A € Ag, K ()
is a closed convex set. By [15], the map K (-) is Lipshitz continuous. Hence condition (i7) in
Theorem 2.2 is valid. Thus all conditions of Theorem 2.2 are fulfilled.
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Taking £ = (1, 0) we see that if u € K()) is a solution of VI(f1(u, -), K(1)) then it is
also a solution of VVI(f(u, x), K(})).
On the other hand, u € K (1) is a solution of VI( fi(u, -), K(})) iff

u=IHgu)@ —pfi(p, n))

for some p > 0. Here ITg ) (x) stands for the metric projection of a point x € R? onto the
set K (1). Let x = (x1, x2) be any point in R%. By a simple computation, we obtain

A4+x1—x3 A+xp—x1
HK(A)(X)=( )

2 ’ 2
It follows that
M = pf 1, 0) = 5 (14 (1= )i — (1 = pxs + 23,
—(1 = p)x1 + (1 = pp)xa = px3).
Hence
(x1,x2) =gy (x — pf (1, x))
if and only if

‘ At (1= p)xi — (1 = pp)xa + px3 = 2x)
A= (1= p)x1 + (1 = pp)xa — px3 = 2x2.

It is equivalent to

4+ (I+pwx—1=0 24)
X1+ x2 = A
When (uo, Ag) = (—1, 1) the system has the unique solution ug = (0, 1) € K (Ag).
[m}

3 A degree-theoretic approach

In this section we shall provide sufficient conditions for the lower semicontinuity of the
solution map of problem Eq. (1). Here the conditions are related to the degree of mappings
which guarantee the lower semicontinuity of the solution map S. Such a degree-theoretic
approach for the scalar case has been used by [10].

Before stating our result we recall some notions and facts of the degree theory. The notions
and events of the degree theory can be found in [4,5,12,18].

Let D be an open bounded set in R". We denote by 3D the boundary of D and D the
closure of D. Let C1(D) = CY(D) N C(D), where C!(D) is the set of all continuously
differentiable functions ¢ : D — R" and C(D) is the set of all continuous functions on D.

For each ¢ € C(D) we put ||¢|| = max,.p ¢ (x)]l.

We will denote by dist(x, A) the distance form a point x € R" toaset A C R".

If ¢ € C1(D), Jy(x) = det(gradg (x)) and Zy = {x € D : Jy(x) = 0} which is called
the crease of ¢.

It is well known that if ¢ € C1(D) and p ¢ ¢(Z) then the set ¢! (p) is finite (see, for
instance [12, Theorem 1.1.2]).
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Definition 3.1 (a) Let¢ € C'(D) and p ¢ ¢(Z4) U $(3D). The degree of ¢ at p with
respect to D is defined by

deg(p. D, p):= > sgn(Js(x)). (20)
xep~l(p)

(b) Letp € C'(D) and p ¢ ¢p(dD) such that p € ¢(Z,). We define the degree of ¢ at p
with respect to D , to be the number deg(¢, D, q) for any g ¢ ¢(Zy) U ¢(3D) such
that |p — g| < dist(p, ¢(3D)).

(c) Letog € C(l_)) and p € R"\¢(dD). We define deg(¢, D, p), the degree of ¢ at p
with respect to D, to be deg(v, D, p) for any ¥ € C!'(D) such that | (x) — ¢ (x)| <
dist(p, ¢(dD)) forall x € D.

The following list summarizes some properties most frequently used.
Theorem 3.2 Suppose that ¢ € C (D) and p & ¢ (0D). Then the following properties hold:

(a) (Normalization) If p € D then deg(I, D, p) = 1, where I is the identity mapping.

(b) (Existence) If deg(¢, D, p) # O then there is x € D such that ¢ (x) = p. B

(c) (Additivity) Suppose that D1 and D, are disjoint open sets of D. If p ¢ ¢ (D\(D1U D)
then

ng(D, fs p) - deg((b? Dlv p) + deg(¢v DZa P)

(d) (Homotopy invariance) Suppose that H : [0, 1] x D — R" is continuous. If p ¢
H(t,0D) forallt € [0, 1] then deg(H (t, .), D, p) is independent of t.

(e) (Excision) If Do is a closed set of D and p ¢ ¢(Do) then deg(¢p, D, p) =
deg(¢. D\ Dy, p).

Let us recall that x¢ is an isolated solution of an equation ¢ (x) = O if there exists a
bounded open neighborhood G of xq such that xq is the unique solution in G. In particular,
we have 0 ¢ ¢ (0G). Assume that G1, G, are open neighborhoods of xg in G. By excision,
we have d(¢, G1, 0) = d(¢, G2, 0). The common value d(¢, O, 0) for open neighborhoods
Q C G of xq is called the index of ¢ at the isolated solution x(y and denoted by Ind(¢, xo).

We now return to problem Eq. (1). For each & € C} and p > 0 we define a mapping F ,
by the formula

m
Fi (i, &, x) = x — Tk (x —p > & filu, x)) :
i=1
where Ik ;) (z) is the metric projection of a point z € R" onto the set K (1). It is well known
thatx € Sg(u, A)ifandonlyif O = F¢ ,(u, A, x) forsome p > 0. Hence from Lemma 2.1 we
see that xg € S(uo, Ao) if and only if there exists £ ¢ C’ such that Fzo ,(10, 2o, X0) = 0.
We shall call £° a functional corresponding to xg.
We have the following result.

Theorem 3.3 Suppose xo € S(o, Ao) is an isolated solution, & Oisa functional correspond-
ing to xo, Xo is a bounded open neighborhood of xo and Moy x Ag is a neighborhood of
(o, o). Let fi : My x Xo — R™ be continuous mappings and K : Ay — 2R" pe a
multifunction which satisfy conditions:

(i) themap w : Ao x Xo — R" defined by mw(A, z) = k) (2) is continuous;
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(ii) there exists po > O such that
Ind(Fg, (o, Xo, .), x0) 7 0 VYp € (0, pol.

Then there exist a neighborhood Uy of 1o, a neighborhood Vo of Lo and an open bounded
neighborhood Qg of xo such that the following assertions are fulfilled:

(a) The solution map S : Uy x Vo — 220 has nonempty values.
(b) The solution map S is lower semicontinuous at (g, Lo).

Proof Choose p € (0, po] sufficiently small such that

m
X0 = p D& fi(1t0, X0) € Xo.

i=1

By the continuity of f;, there exists a neighborhood M| C My of 1o and a neighborhood
X1 C Xg of xq such that

x—p D & filn.x) € Xo

i=1

forall x € X; and u € M;. By (i), the map Fgo’p(u, A, x) is continuous on M| x Ag X Xj.
Recall that

FE(),p(/\L, }‘»x) =X - nK(X) (-x - pZEIOﬁ(M»X))

i=1

From (i7) there exists a bounded open neighborho_od X» C X of xo such that the equation
Fgo,p(uo, X0, x) = 0 has the unique solution xp in X». Besides,

d(FEO,P(MO’ )“03 ')5 X25 O) 7& 0‘

This implies that foreach w € 8 X2, Fyo ,(1o, Ao, w) # 0. Putting uy, = Fzo , (10, 2o, w)
and r,, = %Iluwll > 0, we see that 0 ¢ B(uy, ry). By the continuity of Fgoﬁ(uo, Ao, W),
there exist a neighborhood X,, of w and a neighborhood U,, x V,, of (o, Ag) such that
Féo’p(/,L, A, X) € B(uy, ry) forall (u, A) € Uy, x Vy, and x € Xy, Since d X, is compact,
there exist points wy, wy, ..., wx such that X, € Uﬁ.‘lew,.‘ Put Q¢ = X», Uy = NU,,; and
Vo = NVy,;. We want to show that Qo, Uy and Vj satisfy the conclusion of the theorem.

Fixing any (u,A) € Uy x Vy, we consider the homotopy H : [0, 1] x X, — 2R"
defined by H(t,x) = (1 — t)Fgo,p(,uo, Ao, X) + tho’p(pL, A, x). For each w € 9X; then
w € X, for some i. Since (i, A) € Uy, x Vy,, we have Fro (i, Ay w) € Bluw,, ru;) and
Fo , (10, 20, w) € B(uy;, ru;). By the convexity of B(uy,, rw;) we have

(I =) Feo , (1o, 2o, X) +1Fz0 (1, &y x) € By, ).
As 0 & B(uy,, ry,), it follows that
0¢ H(t,w) = (1 —1)Fg ,(ko, ro, X) +1Fg0 (14, A, x)
forall t € [0, 1] and w € dX>. By (d) of Theorem 3.2, we have
d(Feo , (@, 2, 0), X2,0) = d(Feo (o, 2o, ), X2,0) #0.
By (b) in Theorem 3.2, we can find a pointx = x (i, A) € X7 such that Fro (s 2, x) = 0.
This implies that x(u, 1) € Sgo(it, A) N X2 C S, ) N Qo. Hence assertion (a) is proved.
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Let us prove (b). Suppose G is an open set in Qg such that S(io, 20) NG # @. Note that
G = Qo N D, where D is an open set in R". By the uniqueness of xo in Qo(= X»), we have
xo € G. By using the same procedure as in the proof of assertion (a), we can show that there
exists a neighborhood X, C G and a neighborhood U x V C Uy x Vj of (uo, Lo) such that
Sgo(p, M) N Xo # @ for all (i, 1) € U x V. Note that UgeCng(u, A) = S(u, A). Hence we

have S(u, A) NG # P forall (u, r) € UxV. Consequently, S is lower semicontinuous at
(10, 20). The proof of the theorem is complete. ]

In the above theorem, condition (i) is a key hypothesis. In order to apply it one needs to
verify this requirement. The following proposition provides a sufficient condition for the
fulfillment of condition (7).

Proposition 3.4 Suppose K has the Aubin property of order a > 0 at (Ao, x0). Then there
exist neighborhoods X of xo and Vo of Ay such that the mapping  : Vo x Xo — R" defined
by w(A, z2) = Nk ) (2) is continuous on Vo x Xo.

Proof According to [9, Theorem 3.1] (see also [17, Lemma 1.1]), there exists a neighborhood
X of xg and Vj of Ao and a constant ky > O such that

Tk ) (2) = Mgy @l < kd(r, 2)* 21

for all z € Xo and A, A’ € Vj. It remains to prove that the map 7 (%, z) is continuous on
Vo x Xp. In fact, taking any (A, z) € Vy x Xo and assume that z, — z, A, — A. We want
to show that w (A, z,) — 7 (X, z). From Eq. (21) we have the following estimation

17 s 20) — T, DI = Tk ) (20) — Ty @)
< MMk Gy () — Tr ey @l + 1Mk Gy (2n) — Dy @)
< kd(hp, N)E + |20 — 2.

Hence |7 (Ay, zn) — w(X, 2)|| — 0 as n — oo. Consequently, 7 is continuous at (A, z).
Since (%, z) is arbitrary, 7 is continuous on Vp x Xp. m]
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